INJECTIVE BANACH LATTICES WITH STRONG ORDER UNITS GERHARD GIERZ
In this note it is shown that a Banach lattice with a strong order unit is injective (i.e. has the Hahn-Banach extension property for positive linear operators) if and only if £ is a finite m-sum of spaces of the form C( X, /"), where X is compact and extremally disconnected and where I" denotes R" with the L-norm. 0. Introduction. In 1950-1952, a certain type of Banach space, called a P, -space, appeared in the literature. A P x -space is a Banach space G having the following extension property for linear maps:
Every bounded linear map φ: F -> G defined on a linear subspace FQE allows an extension ψ: E -> G such that ||φ|| = ||ψ||.
The classical Hahn-Banach theorem says that the one-dimensional space R is a P r sρace. showed that a Banach space G is a P λ -space if and only if G is isometrically isomorphic to a space of the form C(X), where X is an extremally disconnected compact topological space. One may say that P,-spaces are obtained by "spreading the real line continuously across a compact space."
If one applies these ideas to Banach lattices, then of course one would wish to consider only positive linear maps φ and only linear sublattices FQE. DEFINITION. A Banach lattice G is called injective provided that for every Banach lattice E, for every linear sublattice FQE and for every bounded positive linear map <p: F -> G there is a positive linear extension ψ:£-^ G such that ||φ|| = ||ψ||.
In Maybe a few words concerning bundles are in order. The space of all sections in a bundle in our case alternatively can be described as follows:
Let A" be a compact space. For every x E X let E x be a Banach lattice. Then spaces of sections T(p) may be characterized by:
(i) T(p) is a closed linear sublattice of Σ χξΞX E x = {o E X χGχ E x : sup{||σ(jc)||; x E X) < oo}, equipped with the sup-norm;
(ii) if x E X and a E E x are given, then there is a σ E T(p) such that σ(x) -a;
(iii) the mapping x h-> ||σ(x)||: ^->R is upper semicontinuous for every x E X; (iv) given / E C(X) and σ E Γ(/? 2 Some results on bundles of Banach lattices. In order to prove the theorem stated in the Introduction, we need four partial results, which maybe are interesting in themselves. 
PROPOSITION. Let p: & -> X be a bundle of Banach lattices, X compact, and assume that & is Hausdorff. (This is especially the case if x h* ||σ(jc)||: X -> R is continuous for every σ E T(p).) If x E X and if
Finally, as S is T 2 and as σ ; and 0 are continuous sections which do not agree at x 9 we can find a neighborhood U of x such that o t (y) Φ 0 for all y G C/, 1 < i < π. Then for every x 0 G U n there are 0 < α,,... ,a n G E XQ which are pairwise orthogonal with norm 1. We therefore can find a closed neighborhood V C U n of x 0 and continuous sections σ, G Γ(/?) with σ, Λ σ y = 0 for / φj and σ y (jc 0 ) = α, . ASIH We obtain (ί/, σ,,... ,σ w ) < (f/', σ[ 9 ... ,σ^), contradicting the maximality of(C/,σ li: ..,σJ.
(2) ί7 C U n . By property (c) we can find extensions σ 7 : t/ -* S of σ 7 . Now (b) implies σ^^) Λσ.(y) = 0 and ||σ ; (j;)|| = 1 for all / φj\ y G U. Especially, for every y G U the elements σ,(j>),... ,σ Λ (>/) G E γ are linearly independent, showing dim E^n, i.e., U C U n . Now (1) and (2) mean [/ = U n9 i.e., ί / M is closed. Note that the only inequality occurring in the computation becomes equality, providing that every stalk E x is an ΛL-space. Moreover, for every /e C(X,R")wehave This last inequality yields the injectivity of T and shows that the norm on C(X,R n ) and the norm on T(p) restricted to the image of T are equivalent. Especially C(X, R") being a Banach space, the image of Γis closed in
PROPOSITION. Let p: & -> X be a bundle of finite-dimensional Banach lattices over a compact base space X and assume (b) and
/ = sup|||/,(x)K(x) + ••• + |/ Λ (x)K(x)||
T(p). It remains to show that the image of T is also dense in T(p).
Clearly, T is a C( X)-module homomorphism and therefore the image of T is a C(Λ r )-submodule of T(p). Moreover, as the σ x {x),.. .,o n (x) form a base of E x , we have E x = {T(f)(x): /E C(X 9 R n )}. Hence, the StoneWeierstrass theorem for bundles (see [Ho 75]) shows that the image of T is dense in T(p).
3. The proof of the theorem. In this last section we shall give a proof of the theorem stated in the Introduction. Let us begin with an injective Banach lattice G having a strong order unit u. Then every quotient of G has strong order unit, too. Represent G as the space of all sections in a bundle of yίL-spaces. As the stalks of a bundle with compact base space are always quotients of the space of all sections, we obtain that all the stalks of the bundle used in (1.1) are y4L-spaces with strong order units. Now an y4L-space with strong order unit (in fact, every Banach lattice with strong order unit) is, up to an equivalent norm, isomorphic to a Banach lattice of the form C(7), Y compact. For an ^4L-space this can only be true if it is finite dimensional. Hence all the stalks of the bundle used in (1.1) have to be finite dimensional. Now an application of (2.3) provides us with a proof of (i) => (ii).
To verify "(ii) => (i)" we first recall from Cartwright's paper [Ca 75 ] that a sum of injective Banach lattices is again injective. Since a finite sum of Banach lattices with a strong order unit also has a strong order unit, it is enough to consider C(X, I"), where X is extremely disconnected. Clearly, the function 1: X -> R"; x H> (1,..., 1) is a strong order unit for C(X, I"). It remains to show that C(X, I") is injective. We shall apply The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced (not dittoed), double spaced with large margins. Please do not use built up fractions in the text of the manuscript. However, you may use them in the displayed equations. Underline Greek letters in red, German in green, and script in blue. The first paragraph must be capable of being used separately as a synopsis of the entire paper. In particular it should contain no bibliographic references. Please propose a heading for the odd numbered pages of less than 35 characters. Manuscripts, in triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math. Reviews, Index to Vol. 39. Supply name and address of author to whom proofs should be sent. All other communications should be addressed to the managing editor, or Elaine Barth, University of California, Los Angeles, California 90024.
There are page-charges associated with articles appearing in the Pacific Journal of Mathematics. These charges are expected to be paid by the author's University, Government Agency or Company. If the author or authors do not have access to such Institutional support these charges are waived. Single authors will receive 50 free reprints; joint authors will receive a total of 100 free reprints. Additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate: $132.00 a year (6 Vol., 12 issues). Special rate: $66.00 a year to individual members of supporting institutions.
Subscriptions, orders for numbers issued in the last three calendar years, and changes of address should be sent to Pacific Journal of Mathematics, P.O. Box 969, Carmel Valley, CA 93924, U.S.A. Old back numbers obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.
